The study examines 
Introduction
The accuracy of distribution of temperature field is extremely important in the calculation of thermal stresses or residual stresses. It is well known that a few materials change mechanical and thermal properties under temperature change. In the aforementioned cases, the application of linear heat equation is not appropriate to describe the temperature field and heat flux vector. The theory of nonlinear heat equation for materials with temperature-dependent properties appears as the most adequate to describe heat conduction problems and to use the obtained results to determine thermal stresses. One of the first articles on the modelling of thermoelastic materials with temperature-dependent properties were discussed in [1, 2] . The wide list of references connected with the aforementioned problems could be found in the monograph [3] . Evidently, the determination of a precise temperature field is necessary for solid mechanics problems as evidenced in [5] [6] [7] [8] [9] [10] [11] [12] .
Several existing studies consider thermal and residual stresses analyses. Various materials in engineering construction change thermomechanical properties, and heat conduction characteristics play an extremely important role in thermal and residual stress considerations, see [13] [14] [15] . The aforementioned studies deal with the exact solution of axisymmetric stationary conduction problems by considering the effect of thermo-sensitivity of materials on stress distributions.
The solution to nonlinear problems of heat conduction is typically difficult. The main stream of techniques that are applied to the problems include perturbation methods [15] [16] . However, certain problems in engineering or science cannot be solved via perturbation methods. Subsequently, nonperturbative methods were presented in [17, 18] . The control of the convergence region and rate of approximate series in the methods leads to difficulties. An analytical method for nonlinear problems, namely the homotopy analysis method, was proposed in [19] . It enables the control and adjustment of the convergence region and rate of approximate series when necessary.
Changes in heat conduction properties relative to temperature can be found in publications based on experimental studies. They are also widely used in FEM analyzes that take into account the thermosensitivity of materials, eg in the case of testing braking systems [24, 25] .
Linearisation is another well-known analytical approach to solve a nonlinear heat conduction problem. One of the methods corresponds to the Kirchhoff integral transformation [4, 20] .
In this study, the axisymmetric stationary heat conduction problem for half-space with temperature-dependent conductivity coefficient is considered. The boundary surface is assumed as locally heated by the given temperature in a circle zone with radius a. The boundary surface on the exterior of the heating zone is maintained at 0K. The solution is obtained for any function that describes the temperature boundary condition on the surface of the half-space and depends only on radius r. Two special cases of the boundary temperature are considered in detail: a) with given constant temperature in the circle zone, or b) with given temperature as a function of radius r. At infinity, it is assumed that the temperature tends to 0K. The formulated problem is axisymmetric and stationary, with given dependency of the thermal conductivity coefficient on temperature, the considered problem is nonlinear. With respect to the linearisation, the Kirchhoff integral transform method is applied, and a well-known Hankel transform method is then used for the solution of the problem.
Formulation and solution of the problem
The problem is formulated via the cylindrical coordinates   T . The thermal conductivity coefficient of the half-space depends on the temperature and is given as follows: 

On the boundary, surface boundary heating is assumed in the form of a given temperature that depends on the radius r and is given as follows:
where   0 r  denotes a given temperature as a function of radius r in the circle zone with radius a, and   H denotes the Heaviside step function. Furthermore, it is assumed that the temperature at infinity tends to zero, and this assumption leads to the following condition:
The formulated problem denotes a stationary axisymmetric heat conduction problem, and the heat equation is expressed as:
The components of the heat flux vector are given as: 
The solution of Eq. (1.9) that satisfies condition (1.3) is as follows:
where A denotes a constant that is determined from the heat boundary condition.
From Eq. (1.2) and (1.6) we can write the
Eq. (1.11) in Hankel integral transform space take the form: 
The solution of considered problem it is given by (1.13) and it have the character of the general solution for given a priori dependence of thermal conductivity coefficient as a function of temperature and given boundary temperature as a function of radius r. The distribution of temperature T can be determined by  , when the thermal conductivity is given a priori. The components of heat flux , rzare expressed by the potential  as fallow:
Special cases:
Let assume that the thermal conductivity coefficient is given in the form: 
The inverse dependence of the temperature   T  of thermal potential  is as follows:
Subsequently, we satisfy the boundary surface condition of heating (1.2). Thermal potential (1.17) assuming that 0 z  is expressed as:
The boundary condition (1.19) in the Hankel transform space is expressed by: The general solution of the formulated problem for the axisymmetric heat conduction problem for a half-space with temperature-dependent properties heated locally via a given temperature distribution on the boundary surface is given as:
Components of the heat flux vector are calculated as:
The shape of the temperature boundary condition in considered cases plays an important role in contact mechanics [22, 23] .In the study, two cases of the boundary condition are considered as follows:
Case 2:
For example, the constant temperature is assumed in the framework of contact problem with preheated punch and case 2 is used for contact problem with rotating punch. We denote the dimensionless coordinate system   
where dimensionless temperature is related to the maximum value of temperature in the considered boundary condition 0 / TT  . Specifically,    denotes a gamma function [14] . Components of the heat flux vector are calculated as follows: 
It is easy to show the transition to a medium that is not thermo-sensitive (for 0   ) and the results reduce to a classic solutions for non-thermo-sensitive materials.
Numerical analysis and discussion of results
The analysis of the original relations in case 1 and 2 indicates that the solution in the problem involving the modelling the thermo-sensitive half-space depends on two parameters, namely  and .
 In addition the obtained results were compared with results from simple FEM model, created using COMSOL Multiphysics. Results from FEM analyses were presented in the form of temperature distributions (grey and black triangles in Figure 2b and Figure 5b) . Figure 2 shows the dimensionless distribution of temperature as a function of coefficient  for two cases of assumed temperature, namely   were shown using grey lines. As shown in Fig. 2 , when the parameter  corresponds to a positive value, the thermal conductivity coefficient increases under effect of temperature. An analogical conclusion is formulated for negative value of parameter  wherein the thermal conductivity coefficient decreases with increases in the temperature. Figure 2a shows the distribution of temperature as a function of depth, and it is observed that the temperature tends to zero with depth increase. Figure  2b shows a high consistency of the results from the FEM analysis (marked as grey and black triangles) with obtained analytical solutions. In this case, we consider the heat boundary condition with distribution of temperature as a function of radius as given by equation (1.26) . The analysis of the obtained results is performed in an analogical manner as in case 1. Initially, we begin to analyse temperature as a function of parameter  , and three cases are considered, namely 0;1; 2   . Fig. 5 shows the distribution of temperature at the centre of heating zone for 0 r  as a function of depth z . Comparing Fig.5a with Fig. 5b the differences in the values of the component of the heat flux vector between the materials are higher for the materials with a higher  and decrease with the distance from the heating zone. Figure 5b also shows a high consistency of the results from the FEM analysis (marked as grey and black triangles) with obtained analytical solutions. Figure 8 shows the effect of temperature on the thermal conductivity coefficient. The heat affected zone of temperature to the thermal conductivity coefficient increases with increases in parameter  . This knowledge is very important in the analysis of thermal stresses.
Case 1
  0 / k T k : 1   -a), b); 2   -c), d)
Conclusions
In the study, the problem of heat conduction in the half-space with the thermal conductivity coefficient based on temperature was investigated. Two cases of boundary heating were considered, namely case 1 (with given constant temperature in the circle zone) and case 2 (with given temperature as a function of radius r). The temperature of the boundary on the exterior of the heating zone was assumed as zero. A solution in analytical form of Hankel integrals was obtained. A numerical analysis was used to investigate the effect of thermal conductivity coefficient of materials with temperature-dependent properties on the temperature and heat flux distribution. In both cases of the temperature boundary heating condition with increases in the parameter  , the effect of locally The obtained solution is in general form and it can be used with any form of thermal conductivity coefficient   kTand temperature T at the boundary. Presented approach concerns the problem of heat conduction in the half-space with the thermal conductivity coefficient based on temperature and has an exact solution character. Through the linearization of the equation, the problem has been reduced to a linear problem whose solutions can be used to validate other methods e.g FEM models.
It is expected that the results of the study can be used to design element construction with thermo-sensitive materials and further in the analysis of thermal stresses for local axisymmetric heating. Furthermore, the solution is used to determine the zone in which the temperature affects the thermal conductivity coefficient. Solution is in general form and it is shown in the examples.
